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Motivated by the problem of modeling of coarse data in statistics, we investigate in this paper
topologies of the space of upper semicontinuous functions with values in the unit interval [0,1] to
deﬁne rigorously the concept of random fuzzy closed sets. Unlike the case of the extended real line
by Salinetti and Wets, we obtain a topological embedding of random fuzzy closed sets into the space
of closed sets of a product space, from which Choquet theorem can be investigated rigorously. Pre-
cise topological and metric considerations as well as results of probability measures and special prop-
erties of capacity functionals for random u.s.c. functions are also given.
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4 H.T. Nguyen et al. / Internat. J. Approx. Reason. 46 (2007) 3–16topological space that admits a countable base) spaces (HLCSC) as bona ﬁde random ele-
ments is established in Matheron [10] (see also [11]) in which the Choquet theorem is cru-
cial for statistical applications. In the past two decades or so interests were on enlarging
the domain of applicability of standard statistical inference to imprecise data such as per-
ception based information which can be modeled as fuzzy sets (see e.g. [9]). To extend
Matheron’s theory of random closed sets to random fuzzy sets, we consider fuzzy sets
whose membership functions are upper semicontinuous (u.s.c.), generalizing indicator
functions of closed sets. Thus, we are concerned with random elements taking values in
the space UðEÞ of u.s.c. functions deﬁned on a HLCSC space E (e.g. Rd) with values in
the unit interval [0, 1].
Previous works in this direction were restricted to compact random fuzzy sets (e.g. [9]),
i.e. the largest class of fuzzy values considered so far in the literature is the class of u.s.c.
functions with compact supports (see [8]), although the misleading term ‘‘fuzzy random
variables’’ might give the impression that all fuzzy sets can be taken as values of these ran-
dom elements! In view of Matheron’s theory of random closed sets (dually, open sets), it
should be possible to consider random fuzzy closed sets in their full generality (without the
restriction on compact support), and that is the purpose of this paper. We will mention
that dual results are also obtained for continuous and lower semicontinuous (l.s.c.) func-
tions as well. Note however that our approach can be also applied to u.s.c. functions with
values in the extended real line which are useful in stochastic processes (e.g. [4]), and var-
iational problems (e.g. [14]).
Essentially, we will use a standard method of identifying functions with sets in a product
space via the concepts of hypographs (and epigraphs) as in [1–3,15,16]. For aD½0; 1 represen-
tation, see [5]. The idea is to embed the space of u.s.c. functions into some appropriate spaces.
Note that it was mentioned in [14] that embedding via countable families of a-level sets fails.
It turns out that embedding via hypographs or epigraphs leads successfully to Matheron’s
framework. We establish also the Choquet theorem for random u.s.c. functions and related
results. In the concluding remarks, we mention another radically diﬀerent approach which
will lead to a full generalization of Matheron’s theory of random closed sets.
2. Random closed sets and upper semicontinuous functions
Throughout this paper, E denotes a Hausdorﬀ, locally compact and second countable
(HLCSC) topological space, such as Rd.
Since singleton sets are closed, an extension to closed sets of E is a generalization of
standard multivariate statistical analysis. Using Matheron’s notation [10], letFðEÞ or sim-
plyF denote the class of all closed sets of E. To deﬁne random elements with values inF,
we need to equipF with a r-ﬁeld. A standard way for doing so is to consider a topology s
on F and take the Borel r-ﬁeld rðsÞ. Following Matheron, we take s to be the so-called
hit-or-miss topology which is generated by the base B below:
B ¼ fFKG1;...;Gn : K 2K;Gi 2 G; nP 0g;
where FKG1;...;Gn ¼FK \FG1 \    \FGn , K;G denote the classes of compact sets and
open sets of E, respectively, and for A  E,
FA ¼ fF 2F : F \ A ¼ ;g; FA ¼ fF 2F : F \ A 6¼ ;g:
Note that, in B, when n ¼ 0, FKG1;...;Gn means FK .
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metrizable the Urysohn’s metrization theorem [6]. As such the convergence in ðF; sÞ is
sequential. More speciﬁcally, a sequence Fn of closed subsets of E is convergent to a closed
subset F of E if and only if the following two conditions are satisﬁed [10]:
(1) For every x 2 F , there exists for each integer n (except, at the most, for a ﬁnite num-
ber of Fn’s) a point xn in Fn such that limn!1xn ¼ x in E.
(2) If F nk is a subsequence of Fn, and xnk (xnk 2 F nk ) is an arbitrary convergent sequence,
then limn!1xnk is in F.
As a separable and complete metric space (Second countability implies separability and
they are equivalent for metrizable spaces; compactness implies completeness and totally
boundedness), it is a good candidate for deﬁning random closed sets. Speciﬁcally, a ran-
dom closed seton E is a measurable map X, deﬁned on some probability space ðX;A; P Þ
with values in ðF; rðsÞÞ. The probability law of the random closed set X is the probability
measure PX ¼ PX1 on rðsÞ. Like distribution functions of random vectors, PX is charac-
terized by a capacity functional TX or simply T by Choquet theorem. Speciﬁcally,
T :K! R is called a capacity functional if it satisﬁes:
(i) 0 6 T ðÞ 6 1, T ð;Þ ¼ 0,
(ii) If Kn & K in K then T ðKnÞ & T ðKÞ,
(iii) T is alternating of inﬁnite order, i.e., T is monotone increasing and for K1; . . . ;Kn,
nP 2,
T ð\ni¼1KiÞ 6
X
;6¼If1;2;...;ng
ð1ÞjIjþ1T ð[i2IKiÞ
where jI j denotes the cardinality of the set I.Choquet theorem. Let T :K! R. There exists uniquely a probability measure Q on rðsÞ
satisfying QðFKÞ ¼ T ðKÞ for K 2K if and only if T is a capacity functional.
Note that Choquet theorem can be also formulated in terms of open sets
(see [10]).
Now the indicator function of a closed set F, 1F :! f0; 1g, 1F ðxÞ ¼ 0 or 1 according to
x 62 F or x 2 F , is an upper semicontinuous (u.s.c.) function. Thus, the class UðEÞ or sim-
ply U of u.s.c. functions deﬁned on E with values in [0,1] generalizesF when we identify
sets with their indicator functions. These are random fuzzy closed sets.
Recall that a function f : E ! ½0; 1 (or to the extended real line) is said to be upper
semicontinuous at a point x 2 E if for any a 2 ½0; 1 such that f ðxÞ < a, there exists
dðx; aÞ > 0 such that f ðyÞ < a for all y 2 Bðx; dÞ, an open ball centered at x with radius
d (noting here that E is metrizable). The interpretation is that each such a is an upper
bound for f on some neighborhood of x and hence the adjective ‘‘upper’’. The function
f is upper semicontinuous on E if it is upper semicontinuous at every point of E. Dually, f
is said to be lower semicontinuous (l.s.c.) on E if 1 f is u.s.c. on E (for u.s.c. and l.s.c.
functions with values in the extended real line, f is l.s.c. if and only if f is u.s.c.).
Clearly, f is continuous if f is both u.s.c. and l.s.c., hence the term ‘‘semi’’ in
semicontinuous.
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lim sup
y!x
f ðyÞ 6 f ðxÞ; i:e: if
infd>0 sup
y2Bðx;dÞ
f ðyÞ ¼ limd!0þ sup
y2Bðx;dÞ
f ðyÞ
" #
6 f ðxÞ;
and f is l.s.c. at x if
lim inf
y!x
f ðyÞP f ðxÞ; i:e: if
sup
d>0
inf
y2Bðx;dÞ
f ðyÞ ¼ lim
d!0þ
inf
y2Bðx;dÞ
f ðyÞ
 
P f ðxÞ:
The simple characterization of u.s.c. function is this. f is u.s.c. on E if and only if for any
real a, the a-level set fx 2 E : f ðxÞP ag is a closed set of E.
We have identiﬁed sets with their indicator functions in order to view closed sets as a
special case of u.s.c. functions with values in [0,1]. The other way around, we would like
to identify functions with sets to take advantage of results known on sets! The following is
a standard procedure.
Let f : E ! ½0; 1 (or to the extended real line). We associate with f certain subsets
of the product space E  ½0; 1. The hypograph (resp. epigraph) of f is
hypoðf Þ ¼ fðx; aÞ 2 E  ½0; 1 : a 6 f ðxÞg (resp. epiðf Þ ¼ fðx; aÞ 2 E  ½0; 1 : aP f ðxÞg).
There is a correspondence which makes it possible to study functions via sets, namely,
e.g. functions and their hypographs (epigraphs), since say for an u.s.c. function f, hypo(f)
represents f completely via f ðxÞ ¼ supfa : ðx; aÞ 2 hypoðf Þg.
Now hypographs of u.s.c. (resp. epigraphs of l.s.c.) functions are closed subsets of the
HLCSC product space E  ½0; 1. Indeed, if ðx0; a0Þ 62 hypoðf Þ, then a0 > f ðx0Þ. Let
 ¼ a0f ðx0Þ
2
. As f is u.s.c at x0, there exists an open neighborhood U of x0 such that
f ðxÞ < f ðx0Þ þ  ¼ a0þf ðx0Þ2 ð< a0Þ for all x 2 U . Then U  ða0  ; a0 þ Þ is an open neigh-
borhood of ðx0; a0Þ in E  ½0; 1, and ðU  ða0  ; aþ ÞÞ \ hypoðf Þ ¼ ;. Therefore,
hypoðf Þ is closed in the product space E  ½0; 1. The proof for epiðf Þ is similar.
The following is needed to show that the space of hypographs of u.s.c. functions on E is
a closed subset of FðE  ½0; 1Þ equipped with the hit-or-miss topology (Theorem 2).
Theorem 1. A subset F of the product space E  ½0; 1 is qualified as the hypograph of some
u.s.c. function if and only if the following conditions are satisfied:
(i) F is a closed subset of E  ½0; 1.
(ii) pðF Þ ¼ E, where p : E  ½0; 1 ! E is the projection mapping, i.e., pðF Þ ¼ fx 2 Ej there
exists an a such that ðx; aÞ 2 F g.
(iii) If ðx; aÞ 2 F , then for any b with 0 6 b < a; ðx; bÞ 2 F .
Similarly, a subset F of the product space E  ½0; 1 is qualified as the epigraph of some
l.s.c. function if and only if the following conditions are satisfied:
(i) 0 F is a closed subset of E  ½0; 1.
(ii) 0 pðF Þ ¼ E, where p : E  ½0; 1 ! E is the projection mapping, i.e., pðF Þ ¼ fx 2 Ej there
exists an a such that ðx; aÞ 2 F g.
(iii) 0 If ðx; aÞ 2 F , then for any b with 1P b > a; ðx; bÞ 2 F .
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epigraph of some continuous function if and only if the following conditions are satisfied:
(i)00 F satisfies above conditions (i), (ii) and (iii).
(ii)00 W satisfies above conditions (i) 0, (ii) 0 and (iii) 0.
(iii)00 For every x 2 E, if ðx; aÞ 2 F and ðx; bÞ 2 W , then a 6 b.
(iv)00 F [ W ¼ E  ½0; 1 and for each (fixed) x 2 E, cardðfa 2 ½0; 1jðx; aÞ 2 F \ W gÞ ¼ 1.Proof. Necessity. Assume F = hypo(f) where f : E ! ½0; 1 is an u.s.c. function. Then F
satisﬁes the condition (i), which has been proved in the preceding paragraphs of this
theorem. F satisﬁes the condition (ii) since f is deﬁned on every point of E. The condition
(iii) is satisﬁed by F from the deﬁnition of hypograph.
Sufficiency.Assume that F satisﬁes all the three conditions (i)–(iii). We will deﬁne an u.s.c.
function f such that F ¼ hypoðf Þ. For every x 2 E, consider the subset Kx ¼
fa 2 ½0; 1jðx; aÞ 2 F g of ½0; 1. Kx is non-empty because of the condition (ii). Since F is
closed, Kx is a closed subset of ½0; 1. Thus it is compact and therefore the supremum of Kx is
achievable. Namely, the supremum is the maximum (which exists) of Kx. Deﬁne
f ðxÞ ¼ supKx. The function f is well-deﬁned on E, and it has the property ðx; f ðxÞÞ 2 F for
every x 2 E because the stated supremum is achievable. Now, let us prove such an f is indeed
an u.s.c. function. If not, then there exists an x0 2 E and some 0 > 0 such that in every
neighborhood Uðx0Þ of x0 there exists an x 2 Uðx0Þ with f ðxÞP f ðx0Þ þ 0. Let
Unðx0Þ; n 2 N , be a decreasing topological base at x0 in E, and let xn 2 Unðx0Þ; n 2 N , be
the selected sequence of points with above stated property, i.e., f ðxnÞP f ðx0Þ þ . Clearly,
xn ! x0 in E. Since f ðx0Þ þ  6 f ðxnÞ 6 1, the sequence f ðxnÞ has a convergent subsequence
f ðxnsÞ; s 2 N . Denote the limit of f ðxnsÞ by a0. Because f ðxnsÞP f ðx0Þ þ , we have
a0 P f ðx0Þ þ . Then the sequence ðxns ; f ðxnsÞÞ of the product spaceE  ½0; 1 is convergent to
ðx0; a0Þ. Recall ðx; f ðxÞÞ 2 F for every x 2 E, xns ! x0 and f ðxnsÞ ! a0. Hence, ðxns ; f ðxnsÞÞ 2
F ; s 2 N , and therefore ðx0; a0Þ 2 F since F is a closed subset from the condition (i). By the
deﬁnition of f, f ðx0ÞP a0, contradicting with the previous a0 P f ðx0Þ þ . Hence, f is u.s.c.
Finally, from the condition (iii) and deﬁnition of f, F is the hypograph hypo(f).
The proof for l.s.c. functions (for epigraphs) is similar by replacing sup by inf. For
continuous functions, the proof is also similar. h
Recall that all functions discussed throughout the paper are deﬁned on a HLCSC space
E with values in ½0; 1.
Remark. A sequence of continuous functions fn converges pointwise to a continuous
function f if and only if
(a) The sequence of hypoðfn) converges to a subset F of the product space E  ½0; 1
under the hit-or-miss topology.
(b) The sequence of epi (fn) converges to a subsetW of the product space E  ½0; 1 under
the hit-or-miss topology.
(c) F and W satisfy all the conditions (i)00–(iv)00 of Theorem 1.
In this case, F ¼ hypoðf Þ and W ¼ epiðf Þ.
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This section prepares essential results for embedding hypographs and epigraphs of
u.s.c. and l.s.c. functions into the space of closed sets of the HLCSC space E  ½0; 1.
The pointwise limit of a sequence fn of continuous functions from E to ½0; 1 may not be
continuous, even when E is compact and the sequence is monotone. In other words, the
class of continuous functions is not closed under the ordinary pointwise convergence.
More precisely, the class of u.s.c. (l.s.c.) functions is not closed under the pointwise con-
vergence, though the pointwise limit of a decreasing sequence of u.s.c. (increasing l.s.c.)
functions needs to be u.s.c. (l.s.c.). See Example 1 below. However, the convergence of
hypographs of u.s.c. functions (epigraphs of l.s.c. functions) in the space of closed subsets
of the product space E  ½0; 1 is in fact closed under the hit-or-miss topology, i.e., the limit
of a convergent sequence of hypographs of u.s.c. (epigraphs of l.s.c.) functions is again a
hypograph of some u.s.c. (epigraph of some l.s.c.) function (Theorem 2 below).
The following example explores the diﬀerences between the pointwise convergence of a
sequence of functions and the convergence of their corresponding sequence of hypographs
(epigraphs) under the hit-or-miss topology.
Example 1. Let fnðxÞ ¼ sinnðxÞ, for x 2 ½0; p. This is a sequence of continuous functions
(hence both u.s.c. and l.s.c.) pointwise (but not uniformly) converging to a limit which is
not continuous, namely, f ðxÞ ¼ limn!1fnðxÞ is identically zero except f ðp=2Þ ¼ 1, which is
clearly u.s.c. (but not l.s.c.). By letting gnðxÞ ¼ 1 fnðxÞ, we see that the pointwise limit of
gn is l.s.c. ðlimn!1gnðxÞ ¼ 1 identically except at x ¼ p=2), but not u.s.c.
Under the hit-or-miss topology ofFðE  ½0; 1Þ, the sequence of hypoðfnÞ converges to
hypoðf Þ as well as epiðgnÞ ! ðgÞ. Indeed, note that fn (resp. gn) is a decreasing (resp.
increasing) sequence of functions so that hypoðfnÞ (resp. epiðgnÞ) is a decreasing sequence
of closed sets.
If we view gn as an increasing sequence of u.s.c. functions, then its pointwise limit g is
not u.s.c., but hypoðgnÞ ! hypoðhÞ , where h ¼ 1 identically, and epiðfnÞ ! epiðlÞ where
l ¼ 0 identically. These facts follow from the notion of convergence of sequences of closed
sets in the hit-or-miss topology of Fð½0; p  ½0; 1Þ, see [10]. More speciﬁcally, let Fn be
elements ofFðE  ½0; 1Þ, then the limit of Fn, as n !1 and in the hit-or-miss topology, is
\F n if Fn is decreasing, and is the closure of [F n if Fn is increasing.
Another similar example is fnðxÞ ¼ xn for x 2 ½0; 1.
Thus, although an increasing sequence of u.s.c. (decreasing l.s.c.) functions may not be
pointwise convergent to an u.s.c. function (l.s.c.), its corresponding sequence of
hypographs (epigraphs) can be convergent to the hypograph (eigraph) of some u.s.c.
(l.s.c.) function. The essence of this is in the following theorem. (Note: the conver-
gence under Hausdorﬀ metric is stronger than the convergence under the hit-or-miss
topology.)Theorem 2. The set U ¼ fhypoðf Þjf is u:s:c: on Eg is a closed subspace ofFðE  ½0; 1Þ.
Similarly, the set Lþ ¼ fepiðf Þjf is l:s:c: on Eg is a closed subspace of FðE  ½0; 1Þ.
Moreover, the sets C ¼ fhypoðf Þjf is continuous on Eg and Cþ ¼ fepiðf Þjf is
continuous on Eg are closed subspaces of FðE  ½0; 1Þ. Clearly, C  U and
Cþ  Lþ.
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with the hit-or-miss topology and the convergence is sequential, we need to show that for
every sequence hypo (fn) of hypographs of u.s.c. functions fn, if it converges to a closed
subset F of the product space E  ½0; 1 under the hit-or-miss topology, then F belongs
to U, i.e., this F is the hypograph of some u.s.c. function. (Recall that the convergence
under the hit-or-miss topology is different from the pointwise convergence – see Example
1.) By Theorem 1, we need to check the conditions (i), (ii) and (iii).
The condition (i) is satisﬁed as F is assumed to be a closed subset of E  ½0; 1.
To verify the condition (ii), for every x 2 E, consider the constant sequence ðx; 0Þ. As
hypo(fn) is the hypograph of the u.s.c. function fn, ðx; 0Þ 2 hypo(fn) (n 2 N ) by the
conditions (ii) and (iii). As this constant sequence is of course convergent in E  ½0; 1, its
limit (i.e., ðx; 0Þ) under the topology of the product space E  ½0; 1 belongs to F. Hence,
fðx; 0Þjx 2 Eg  F and thus pðF Þ ¼ E.
To verify the condition (iii), Assume ðx; aÞ 2 F and 0 6 b < a. Need to show ðx; bÞ 2 F .
As the sequence hypo(fn) of hypographs converges to F under the hit-or-miss topology
(Recall the two conditions regarding the convergence of a sequence of closed sets under
the hit-or-miss topology – see Section 2), there exists a sequence ðxn; anÞ ðn 2 NÞ
convergent to ðx; aÞ, satisfying ðxn; anÞ 2 hypo(fn). Without loss of generality, one can
assume an P aþb2 (since a is strictly larger than
aþb
2 and an is convergent to a, all an’s, except
at most ﬁnitely many, are larger than aþb2 ). Hence, ðxn;bÞ 2 hypoðfnÞ; n 2 N because these
hypo(fn)’s are hypographs and thus the condition (iii) of Theorem 1 holds for them.
Clearly, the sequence ðxn; bÞ is convergent to ðx; bÞ in the product space E  ½0; 1 and thus
(again, because hypo(fn) converges to F under the hit-or-miss topology) this limit ðx; bÞ
belongs to F. Therefore, F satisﬁes the condition (iii).
The proofs for Lþ;C and C+ are similar. h
Note that the empty set of E  ½0; 1 is not in any of the U; Lþ;C and C+.
Corollary 1. The spaces U; Lþ;C and C+ are in fact compact and second countable
Hausdorff subspaces of the space FðE  ½0; 1Þ, and thus Borel-measurable subsets of
FðE  ½0; 1Þ where FðE  ½0; 1Þ is equipped with the hit-or-miss topology which generates
the Borel r-field on FðE  ½0; 1Þ.Proof. By Theorem 2, U; Lþ;C, and C+ are closed subspaces of FðE  ½0; 1Þ. On the
other hand, FðE  ½0; 1Þ is a compact and second countable Hausdorﬀ space. Hence
all these subspaces are compact and second countable Hausdorﬀ spaces. h4. Topologies and metrics on u.s.c. functions
Recall that UðEÞ or U (resp.L, C) denotes the space of u.s.c. (resp. l.s.c. and continu-
ous) functions deﬁned on E and taking values in [0,1]. In view of the identiﬁcation of u.s.c.
functions with their hypographs and results in Section 3,U (resp.L, C) is topologized with
the induced topology of U (resp. on Lþ;C and C+). With such topologies, the mappings:
iU : U! U; iU ðf Þ ¼ hypoðf Þ
iL :L! Lþ; iLðf Þ ¼ epiðf Þ
are homeomorphisms. For C, consider two homeomorphisms
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iCþ : C! Cþ; iCþðf Þ ¼ epiðf Þ
Speciﬁcally, the convergence of a sequence of u.s.c. functions in the above topology is
equivalent to that of the corresponding sequence of hypographs in the hit-or-miss
topology.
Now, the space FðE  ½0; 1Þ is Hausdorﬀ, compact, second countable (HCSC), and
hence metrizable by the Urysohn metrization theorem [6]. Any metric on such a space
is separable and complete (thus Polish) and totally bounded [6]. Its subspaces
U; Lþ;C and C+ are all closed (Theorem 2) and thus HCSC. Hence, a metric on
FðE  ½0; 1Þ induces separable and complete (thus Polish) and totally bounded metrics
on these subspaces. By modifying the embedding method employed in [17], a metric on
the spaceFðE  ½0; 1Þ that is consistent with the hit-or-miss topology can be constructed
as follows.
As E  ½0; 1 is locally compact, let xðE  ½0; 1Þ be its Alexandroﬀ compactiﬁcation. By
identifying all the points except x of xðE  ½0; 1Þ with the corresponding points of
E  ½0; 1, E  ½0; 1 has been topologically embedded into xðE  ½0; 1Þ as an open sub-
space of xðE  ½0; 1Þ.
For F 2F ¼FðE  ½0; 1Þ, deﬁne
C :F! 2xðE½0;1Þ by CðF Þ ¼ F [ fxg:
(Note: Points of the F ( xE) appearing on the right side of CðF Þ ¼ F [ fxg are
the identiﬁcation points of the F ( E) appearing on the left of CðF Þ ¼ F [ fxg
under the Alexandroﬀ compactiﬁcation. This is a convention in literature [6].) Then
deﬁne
qðF 1; F 2Þ ¼ dHðCðF 1Þ;CðF 2ÞÞ; for F 1; F 2 2F:
It can be proved that C is a homeomorphic embedding and thus the metric q is consistent
with the hit-or-miss topology ofFðE  ½0; 1Þ (similar to the proof in [17]). The metric d of
xðE  ½0; 1Þ that is used to calculate the Hausdorﬀ metric dH can be obtained through a
standard procedure [17]. In particular, if E ¼ Rn, then d is an Euclidean metric (see below).
The restrictions of this metric q on U; Lþ;C and C+ give the metrics on these subspaces,
respectively.
When E ¼ ðRn; dnÞ is the n-dimensional Euclidean space, the Alexandroﬀ compactiﬁca-
tion xðE  ½0; 1Þ of E  ½0; 1 can be conveniently obtained in two steps.
Step 1: The n-dimensional sphere centered at ð0; 0; . . . ; 0; 1Þ with radius 1, i.e.,
Sn ¼ fðx1; x2; . . . ; xn; xnþ1Þ 2 Rnþ1 : x21 þ x22 þ    þ x2n þ ðx2nþ1  1Þ2 ¼ 1g is the
Alexandroﬀ compactiﬁcation of Rn and as a result Sn  ½0; 1 (cylindrical shell)
is a compactiﬁcation of E  ½0; 1. For any x ¼ ðx1; x2; . . . ; xnÞ 2 Rn, it is mapped
to the (unique) intersection of the sphere Sn and the line segment that connects
ðx1; x2; . . . ; xn; 0Þ and y ¼ ð0; 0; . . . ; 0; 2Þ 2 Rnþ1 (this intersection is a point in
Rn+1) and accordingly, the point ðx1; x2; . . . ; xn; xnþ1Þ 2 Rn  ½0; 1 is mapped to
the point of the cylindrical shell Sn  ½0; 1  Rnþ2 whose ﬁrst nþ 1 coordinates
are the same as that of the above intersection and the (n + 2)th coordinate is equal
to xn+1.
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tion of E  ½0; 1 by a quotient mapping [6]: All points of the set
fðy; xnþ2Þjy ¼ ð0; 0; . . . ; 0; 2Þ and 0 6 xnþ2 6 1g are identiﬁed as a single point
x ¼ ð0; 0; . . . ; 0; 2; 0Þ 2 Rnþ2 in the quotient space where the quotient mapping is
constructed as xnþ2 ! 12 ð2 xnþ1Þxnþ2, i.e., each point of Sn  ½0; 1 is mapped to
a point of Rn+2 where only the (n + 2)th coordinate is compressed by the above
formula and the rest coordinates remain the same. In particular, all the points
of the form ð0; 0; . . . ; 2; xnþ2Þ; 0 6 xnþ2 6 1, are compressed to the single point
x ¼ ð0; 0; 0; . . . ; 2; 0Þ while points of the shell on the line ð0; 0; . . . ; 0; xnþ2Þ are
unaﬀected.
Hence, for each z 2 E  ½0; 1, CðfzgÞ, a subset of the compressed cylindrical shell, con-
sists of two points: one is obtained from the above two steps and the other is x. In this
case, d is dn+2 restricted on the compressed cylindrical shell.5. Choquet theorem for u.s.c. functions
Probability measures (laws) of random elements with values in FðE  ½0; 1Þ, i.e. ran-
dom closed sets on the HLCSC space E  ½0; 1, are characterized by capacity functionals
deﬁned onKðE  ½0; 1Þ via Choquet theorem as stated in Section 2, where E is replaced
by E  ½0; 1. If the range of such random elements is restricted to a closed subset of
FðE  ½0; 1Þ (with respect to the hit-or-miss topology), say, U, i.e. if we consider random
u.s.c. functions, then the question is how to characterize their capacity functionals?
First, note that since U is a subspace of FðE  ½0; 1Þ, the Borel r-ﬁeld
rðUÞ ¼ U \ rðFÞ. Also, recall that a support of a probability measure l on rðFÞ is
a closed set A ofF such that lðF n AÞ ¼ 0. Clearly, for random u.s.c. functions, i.e. ran-
dom elements taking values in UðEÞ, their probability measures (laws) on rðFÞ have U
as support.
For any compact subset K of E  ½0; 1, let
ðUÞK ¼ fF  E  ½0; 1jF 2 U and F \ K 6¼ ;g:
U, as a subspace of F, is a compact (thus Borel measurable) subset of F. ðUÞK is an
intersection of countably many open subsets of U. In fact, consider a countable funda-
mental system of open neighborhoods Gn of K in E  ½0; 1 with Gnþ1  Gn, i.e., for any
open set G with G  K, there exists a positive integer m such that Gn  G for all n > m
(implying \1n¼1Gn ¼ K). [Actually, one can obtain a stronger condition as follows. For
each n, as the open subset Gn contains the compact subset K and E  ½0; 1 is locally com-
pact, there exists an open subset Vn of E  ½0; 1 such that K  V n  V n  Gn, where V n is
a compact subset of E  ½0; 1. Without loss of generality, one can assume V nþ1  V n (this
can be achieved by taking the intersection of the ﬁrst nV i’s for each n).] Then ðUÞGn are
basic open sets of the Matheron topology of U (as ðUÞGn ¼FGn \U), andðUÞK ¼ \1n¼1ðUÞGn (¼ \1n¼1ðFGn \UÞ ¼ \1n¼1FGn \U). Hence, ðUÞK as a Gd-set is
measurable.
Let
ðF nUÞK ¼ fF  E  ½0; 1jF 2F nU and F \ K 6¼ ;g:
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as it is the complement set of the measurable set U in F. Since FK and ðUÞK are both
measurable and ðF nUÞK ¼FK n ðUÞK , ðF nUÞK is also measurable.
Let
ðUÞK ¼ fF  E  ½0; 1jF 2 U and F \ K ¼ ;g:
Then ðUÞK is also measurable as ðUÞK ¼ U n ðUÞK .
A random u.s.c. function S (on E) takes values in U (S will be represented by the cor-
responding random hypograph). In other words, if P is the probability measure associated
with the capacity functional of S via Choquet theorem, then P ðF nUÞ ¼ 0, which
implies P ððF nUÞKÞ ¼ 0 for every compact set K. Therefore, for every compact set
K  E  ½0; 1, we have
P ðFKÞ ¼ P ððUÞK [ ðF nUÞKÞ ¼ P ððUÞKÞ þ P ððF nUÞKÞ ¼ P ððUÞKÞ:
Further, if P is a probability measure on rðFÞ, with a support completely contained in
U, then the corresponding random closed set (on E  ½0; 1) takes values, with probability
1, in U and thus this random closed set is in fact a random u.s.c. function on E because of
the uniqueness of probability measures given by Choquet theorem. Hence, probability
measures that have supports contained in U are precisely those connected with random
u.s.c. functions on E. The discussions of supports of measures for random l.s.c. or contin-
uous functions are similar.
Likewise, as random elements with values in speciﬁc closed subsets of FðE  ½0; 1Þ,
capacity functionals of random u.s.c. (l.s.c. or continuous) functions also have particular
properties and can be computed in some speciﬁc ways. These are listed in Theorems 4–6,
which will be given after the following convenient notations have been introduced.
Let K be any compact subset of E  ½0; 1. Construct two functions hK and lK on E. For
every x 2 E, if x 2 pðKÞ, where the function p is the projection of subsets of E  ½0; 1 into
E, deﬁne hKðxÞ ¼ inffa 2 ½0; 1 : jðx; aÞ 2 Kg; if x 2 E n pðKÞ deﬁne hKðxÞ ¼ 1. Similarly,
for every x 2 E, if x 2 pðKÞ, deﬁne lKðxÞ ¼ supfa 2 ½0; 1jðx; aÞ 2 Kg; if x 2 E n pðKÞ deﬁne
lKðxÞ ¼ 0. Above inﬁmum and supremum are both attained because K is compact. These
two functions are, respectively, l.s.c. and u.s.c., as proved in the following theorem.
Theorem 3. For every compact subset K of E  ½0; 1 , the functions hK and lK defined above
are, respectively, l.s.c. and u.s.c. on E.Proof. p(K) is a compact (thus closed) subset of E as it is the image of a compact subset K
under the continuous function p. So E n pðKÞ is open and thus hK is in fact continuous at
each point of the open subset E n pðKÞ.
hK is l.s.c. at every point of pðKÞ. If not, let x0 2 pðKÞ be a point at which hK is not l.s.c.
Then, there exists an 0 > 0 such that for every neighborhood Bðx0Þ of x0 in E, there is a
point x 2 Bðx0Þ satisfying hKðxÞ 6 hKðx0Þ  0 . Hence, if Bnðx0Þ is a topological base at x0,
then there exists, for each n, an xn 2 Bnðx0Þ with hKðxnÞ 6 hKðx0Þ  0.
Clearly, xn is convergent to x0 in E. Notice that for every n, xn 2 pðKÞ as xn 2 E n pðKÞ
would imply hKðxnÞ ¼ 1, which in turn implies hKðxnÞ > hKðx0Þ  0 as hKðx0Þ 6 1. By
the deﬁnition of hK at xn, we have ðxn; hKðxnÞÞ 2 K. Because of the compactness of K, the
sequence ðxn; hKðxnÞÞ has a convergent subsequence, say ðxnm ; hKðxnmÞÞ, and thus the
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convergent to ðx0; a0Þ which is in K as K is compact. Then from the deﬁnition of hK at x0,
hKðx0Þ 6 a0 ¼ limm!1hKðxnmÞ 6 hKðx0Þ  0, a contradiction.
The proof for lK is similar. hTheorem 4. Let S be a random u.s.c. function, T be its capacity functional and P be the cor-
responding probability measure. Then the following conditions hold for T:
1. For every compact subset K of E  ½0; 1,
T ðKÞ ¼ P ðFKÞ ¼ P ððUÞKÞ ¼ 1 P ððUÞKÞ ¼ 1 ProbðhypoðSðxÞÞ \ K ¼ ;Þ
¼ 1 ProbðhypoðSðxÞÞ \ epiðhKÞ  ðE n pðKÞÞ  f1gÞ
¼ 1 ProbðhypoðSðxÞÞ is below epi ðhKÞ and
hypoðSðxÞÞ is strictly below epiðhKÞ over pðKÞÞ
¼ 1 ProbðSðxÞðxÞ 6 hKðxÞðx 2 E n pðKÞÞ and SðxÞðxÞ < hKðxÞðx 2 pðKÞÞÞ
¼ 1 ProbðSðxÞðxÞ < hKðxÞðx 2 pðKÞÞÞ:
In particular, if K \ ðE  f0gÞ 6¼ ;, then T ðKÞ ¼ 1.
2. For any two compact subsets K1 and K2 of E  ½0; 1, if hK1 ¼ hK2 , then T ðK1Þ ¼ T ðK2Þ.
3. For any compact subset K of E and any a 2 ½0; 1, T ðK  fagÞ ¼ T ðK  ½a; 1Þ. In partic-
ular, T ðK  f0gÞ ¼ T ðK  ½0; 1Þ.
4. For any a 2 ½0; 1, T ðE  fagÞ ¼ T ðE  ½a; 1Þ. In particular, T ðE  f0gÞ ¼ T ðE  ½0; 1Þ.Proof. The ﬁrst line in 1 follows from Choquet theorem for E  ½0; 1 and previous discus-
sion of supports of measures. For the special case (i.e., the line of T ðKÞ ¼ 1), the result
follows from line 2 of 1 and the fact that every hypograph intersects E  f0g. The remain-
ing lines of 1 are evident. 2 is implied by 1 when K is replaced by K1 and K2, respectively. 3
is implied by 2 as hKfag ¼ hK½a;1.
For 4, as E is a HLCSC space, there exists a sequence of compact subsets Ki of E
satisfying [1i¼1Ki ¼ E and Ki  K0iþ1 where K0iþ1 denotes the set of interior points of Ki+1.
It follows that E  ½a; 1 ¼ [1i¼1Ki  ½a; 1 ¼ [1i¼1ðKi  ½a; 1Þ. Namely, ðKi  ½a; 1Þ "
ðE  ½a; 1Þ where each Ki  ½a; 1 is compact. Hence, T ðKi  ½a; 1Þ " T ðE  ½a; 1Þ.
Therefore, T ðKi  fagÞ " T ðE  ½a; 1Þ since T ðKi  ½a; 1Þ ¼ T ðKi  fagÞ from 3. Finally,
4 follows from the inequality T ðKi  fagÞ 6 T ðE  fagÞ 6 T ðE  ½a; 1Þ. h
The above equalities also reﬂect the fact that T is a monotone set function. Notice that
in the Choquet theorem, for a general random closed set with underlying space E or
E  ½0; 1 the corresponding equalities are
T ðKÞ ¼ P ðFKÞ ¼ ProbðS \ K 6¼ ;Þ ¼ 1 ProbðS \ K ¼ ;Þ:
As random u.s.c. functions (with underlying space E) are viewed as particular random
closed sets (with underlying space E  ½0; 1), their associated capacity functionals and
probability measures have special properties as that given in above 1–4. From 4, it can
conclude that many properties of the capacity functional T are determined through the
original space E itself though the hypograph representation of the associated random
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l.s.c. or random continuous functions, as given in the next two theorems.
Theorem 5. Let S be a random l.s.c. function, T be its capacity functional, and P be the
corresponding probability measure. Then the following conditions hold for T:
1. For every compact subset K of E  ½0; 1,
T ðKÞ ¼ PðFKÞ ¼ PððLþÞKÞ ¼ 1 P ððLþÞKÞ ¼ 1 ProbðepiðSðxÞÞ \ K ¼ ;Þ
¼ 1 ProbðepiðSðxÞÞ \ hypoðlKÞ  ðE n pðKÞÞ  f0gÞ
¼ 1 ProbðepiðSðxÞÞ is above hypoðlKÞ and
epiðSðxÞÞ is strictly above hypoðlKÞ over pðKÞÞ
¼ 1 ProbðSðxÞðxÞP lKðxÞðx 2 E n pðKÞÞ and SðxÞðxÞ > lKðxÞðx 2 pðKÞÞÞ
¼ 1 ProbðSðxÞðxÞ > lKðxÞðx 2 pðKÞÞÞ:
In particular, if K \ ðE  f1gÞ 6¼ ;, then T ðKÞ ¼ 1.
2. For any two compact subsets K1 and K2 of E  ½0; 1 , if lK1 ¼ lK2 , then T ðK1Þ ¼ T ðK2Þ.
3. For any compact subset K of E and any a 2 ½0; 1, T ðK  fagÞ ¼ T ðK  ½0; aÞ. In partic-
ular, T ðK  f1gÞ ¼ T ðK  ½0; 1Þ.
4. For any a 2 ½0; 1, T ðE  fagÞ ¼ T ðE  ½0; aÞ. In particular, T ðE  f1gÞ ¼ T ðE  ½0; 1Þ.Theorem 6. Let S be a random continuous function, T be its capacity functional, and P be the
corresponding probability measure. Then the following conditions hold for T:
If S is represented by hypo(S), then
1. For every compact subset K of E  ½0; 1,
T ðKÞ ¼ PðFKÞ ¼ PððCÞKÞ ¼ 1 P ððCÞKÞ ¼ 1 ProbðhypoðSðxÞÞ \ K ¼ ;Þ
¼ 1 ProbðhypoðSðxÞÞ \ epiðhKÞ  ðE n pðKÞÞ  f1gÞ
¼ 1 ProbðhypoðSðxÞÞis below epiðhKÞand
hypo ðSðxÞÞis strictly below epiðhKÞ over pðKÞÞ
¼ 1 ProbðSðxÞðxÞ 6 hKðxÞðx 2 E n pðKÞÞ and SðxÞðxÞ < hKðxÞðx 2 pðKÞÞÞ
¼ 1 ProbðSðxÞðxÞ < hKðxÞðx 2 pðKÞÞÞ:
In particular, if K \ ðE  f0gÞ 6¼ ;, then T ðKÞ ¼ 1.
2. For any two compact subsets K1 and K2 of E  ½0; 1, if hK1 ¼ hK2 , then T ðK1Þ ¼ T ðK2Þ.
3. For any compact subset K of E and any a 2 ½0; 1, T ðK  fagÞ ¼ T ðK  ½a; 1Þ. In partic-
ular, T ðK  f0gÞ ¼ T ðK  ½0; 1Þ.
4. For any a 2 ½0; 1, T ðE  fagÞ ¼ T ðE  ½a; 1Þ. In particular, T ðE  f0gÞ ¼ T ðE  ½0; 1Þ.
If S is represented by epiðSÞ, then
1. For every compact subset K of E  ½0; 1,
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¼ 1 ProbðepiðSðxÞÞ \ K ¼ ;Þ
¼ 1 ProbðepiðSðxÞÞ \ hypoðlKÞ  ðE n pðKÞÞ  f0gÞ
¼ 1 ProbðepiðSðxÞÞ is above hypoðlKÞ
and epiðSðxÞÞ is strictly above hypoðlKÞ over pðKÞÞ
¼ 1 ProbðSðxÞðxÞP lKðxÞðx 2 E n pðKÞÞ and SðxÞðxÞ > lKðxÞðx 2 pðKÞÞÞ
¼ 1 ProbðSðxÞðxÞ > lKðxÞðx 2 pðKÞÞÞ:
In particular, if K \ ðE  f1gÞ 6¼ ;, then T ðKÞ ¼ 1.
2. For any two compact subsets K1 and K2 of E  ½0; 1, if lK1 ¼ lK2 , then T ðK1Þ ¼ T ðK2Þ.
3. For any compact subset K of E and any a 2 ½0; 1, T ðK  fagÞ ¼ T ðK  ½0; aÞ. In partic-
ular, T ðK  f1gÞ ¼ T ðK  ½0; 1Þ.
4. For any a 2 ½0; 1, T ðE  fagÞ ¼ T ðE  ½0; aÞ. In particular, T ðE  f1gÞ ¼ T ðE  ½0; 1Þ.6. Concluding remarks
From a data analysis setting, the situation is this. In standard statistical multivariate
analysis, the data space is an euclidean space Rd which is HLCSC. To specify probability
measures on it, we use the usual topology of Rd to construct its Borel r-ﬁeld BðRd) as
domain of probability measures, then the Lebesgue–Stieltjes theorem provides us with
ways to obtain probability measures at a much simpler level, namely distributions func-
tions which are point-functions rather than set-functions. In studying random phenomena
evolving in time, the data spaces are functional spaces, such as C½0; 1 (the space of con-
tinuous functions, deﬁned on [0,1], with values, say, in R) for Brownian sample paths,
D½0; 1 (the space of functions which are right continuous with left limits) for jump pro-
cesses. These are inﬁnitely dimensional spaces. The domains of probability measures on
them are Borel r-ﬁelds induced by topologies on them. These topologies are speciﬁed
by considering appropriate metrics, such as the sup-norm for C½0; 1, and Skorohov for
D½0; 1 (see [4]). To talk about the existence of probability measures on these functional
spaces we use Kolmogorov existence theorem. Thus, in practice, stochastic processes must
have nice properties to guarantee the consistency condition in Kolmogorov theorem!
Now, in coarse data analysis, data spaces are F or the functional space U of u.s.c. func-
tions, among others. With the hit-or-miss topology,F is a compact space, so that the sit-
uation is somewhat similar (and simple) to Rd, in the sense that a counter-part of
Lebesgue–Stieltjes theorem is available, namely the Choquet theorem, as opposed to the
situation in general stochastic processes. It turns out that the situation for U is similar
if we look at it the right way! (see below). This opens the door to systematically use lattice
theory in the study of stochastic processes and their applications, in which the canonical
topology on functional spaces is the Lawson topology on continuous lattices. The search
for metrics on these functional spaces can be guided by those metrizing this canonical
topology.
As mentioned in [13], another direction for investigating random u.s.c. functions is via
the theory of continuous lattices (see [7]). This is a radically diﬀerent approach which
could lead to a more general setting. Roughly speaking, the so-called hit-or-miss topology
in Matheron’s work, which is the chosen topology for the space of closed sets of a HLCSC
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Lawson topology on the continuous lattice ðF;Þ, where the order relation is the reverse
set inclusion . The Lawson topology on any continuous lattice always makes the lattice a
compact and Hausdorﬀ topological space. Moreover, as the stereographical metric (see
[14]) metrizes the hit-or-miss topology, ðF;Þ is second countable. This fact can be
viewed as a lattice theoretical proof of one of the main results in Matheron’s theory of ran-
dom closed sets. Now, it can be shown that the space U of u.s.c. functions is also a con-
tinuous lattice with pointwise order relation, and hence has a canonical topology on it,
namely the Lawson topology. This makes U a compact, Hausdorﬀ and second countable
topological space (and hence metrizable). The Choquet theorem onU can be obtained as a
generalization of that on F.
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